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Abstract 



F— Lie algebras are natural generalisations of Lie algebras (F = 1) and Lie superalgebras (F = 2). 
When F > 2 not many finite-dimensional examples are known. In this paper we construct finite- 
dimensional F— Lie algebras F > 2 by an inductive process starting from Lie algebras and Lie super- 
fN| | algebras. Matrix realisations of F— Lie algebras constructed in this way from su(n), sp(2n) so(n) and 

sl(n\m), osp(2|m) are given. We obtain non-trivial extensions of the Poincare algebra by Inonii-Wigner 
' contraction of certain F— Lie algebras with F > 2. 

^ ; 

O-i 

D . 1 Introduction 

The classification of algebraic objects satisfying certain axioms may be considered a fundamental objective 
^ ■ on purely mathematical grounds. If in addition, these objects turn out to to be relevant for the description 

of the possible symmetries of a physical system, such a classification takes on a whole new meaning. The 
main question is, of course, what are the mathematical structures which are useful in describing the laws 
of physics. Simple complex finite-dimensional Lie algebras were classified at the end of the 19th century 
by W. Killing and E. Cartan well before any physical applications were known. Since then, Lie algebras 
have become essential for the description of space-time symmetries and fundamental interactions. On the 
other hand, it was the discovery of supersymmetry in relativistic quantum field theory or as a possible 
extension of Poincare invariance §\§ which gave rise to the concept of Lie superalgebras and their subsequent 
classification [§,|3|]. 

It is generally accepted that because of the theorems of Coleman & Mandula [Q] and Haag, Lopuszanski 
& Sohnius one cannot go beyond supersymmetry. However, if one weakens the hypotheses of these two 
theorems, one can imagine symmetries which go beyond supersymmetry [|| [7|, ||, |9[ [R], IllJ, |l2|, 13, 14, |5|, 



16, 17, 18, 19, EG, ElL 22, 23, 24, 25, E6, 27, Eq], the idea being that then the generators of the Poincare 



algebra can be obtained as an appropriate product of more than two fundamental additional symmetries. 
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These new generators are in a representation of the Lorentz algebra which is neither bosonic nor fermionic. 
Two kinds of representations are generally taken: parafermionic representations [p9|], or infinite-dimensional 
representations (Verma module) [SO]. 

Fractional supersymmetry (FSUSY) [g 0, [XlJ, 0, ||, 0, [B], 0, 0, |lS|, 0, |(], 0, [22], [23], [2§ g, 
26, 27, ^8|] is among the possible extensions of supersymmetry which have been studied in the literature. 
Basically, in such extensions, the generators of the Poincare algebra are obtained as F— fold (F G N*) 
symmetric products of more fundamental generators. A natural generalisation of Lie (super)algebras which 
is relevant for the algebraic description of FSUSY was defined in [24, ^8|] and called an F— Lie algebra. An 
F— Lie algebra admits a Zp— gradation, the zero-graded part being a Lie algebra. An F— fold symmetric 
product (playing the role of the anticommutator in the case F = 2) expresses the zero graded part in terms 
of the non-zero graded part. 

The purpose of this paper is to show how one can construct many examples of finite-dimensional F— Lie 
algebras by an inductive process starting from Lie algebras and Lie superalgebras. Some preliminary results 
is this direction were given in [28]. Two types of finite-dimensional F— Lie algebras will be constructed. The 
first family of examples, which we call trivial, are obtained by taking the direct sum of a Lie (super)algebra 
with the trivial representation. The second family is more interesting: by an inductive procedure we show 
how one can give the underlying vector space of any Lie algebra or any classical Lie superalgebra the 
structure of an F— Lie algebra. This procedure involves Casimir operators in the case of Lie algebras and 
invariant symmetric forms on the odd part of the algebra in the case of Lie superalgebras. 

The paper is organized as follows. In section 2 we recall the definition of an F— Lie algebra and show 
how one can construct an F— Lie algebra of order F\ + F2 from an F— Lie algebra of order F\ > 2 and 
an invariant symmetric form of order F2 on its non-zero graded part (c.f. Theorem ]2"li| ). In section 3 we 
introduce the notion of a graded 1— Lie algebra in order to prove a version of theorem 2.6 when F\ = 1 



(theorem |3.6| ), and give some explicit examples of F— Lie algebras associated to Lie algebras. In section 4 
we give explicit examples of F— Lie algebras associated to Lie superalgebras. In section 5 we obtain FSUSY 
extensions of the Poincare algebra by Inonu-Wigner contraction of certain F— Lie algebras constructed in the 
two previous sections. In section 6 we define a notion of simplicity for F— Lie algebras and give examples of 
simple and non-simple F— Lie algebras. Finally, in section 7 we give finite-dimensional matrix realisations 
of the F— Lie algebras of section 4 induced from sl(m|ra) and osp(2|2n) and a quadratic form. Using 
finite-dimensional matrices, we also show that the underlying vector spaces of the graded 1— Lie algebras 
su(re) © su(n),so(n) © so(ra) and sp(2n) © sp(2n) can be given F— Lie algebra structures which cannot 
be obtained by our inductive process. 



2 F— Lie algebras 

2.1 Definition of F— Lie algebras 

In this section, we recall briefly the definition of F— Lie algebras given in p4], f28| ]. Let F be a positive 

2-Ki 

integer and let q = e f . We consider S a complex vector space and e an automorphism of S satisfying 
e F = 1. We set Ak = S q k, 1 < k < F — 1 and H = S\ (S q k is the eigenspace corresponding to the 
eigenvalue q k of e). Then we have S = H ©fZ] 1 -Ak- 

Definition 2.1 S = ¥> ffi^T/ is called a (complex) F—Lie algebra if it is endowed with the following 
structure: 
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1. 23 is a (complex) Lie algebra and Ak, 1 < k < F — 1 are representations ofB. If [,] denotes the 
bracket on 23 and the action ofB on S it is clear that \/b € 23, Vs € S, [e(b),e(s)] = e ([b, s]). 

2. There exist multilinear B—equivariant maps {,•••, } : § F {A k ) -> % where § F (D) de- 
notes the F—fold symmetric product of D. It is easy to see that {e(ai), • • ■ ,e(a F )} = 
e({oi,-- - ,a F }) ,Vai,--- ,of € At- 

3. For b{ £ ¥> and aj € the following "Jacobi identities" hold: 

[[hM,h] + {[hM,h) + [{h,h]M=0 

[[bi,h] , «s] + [[h, «s] , &i] + [[a 3 , &i] M = 

[6, {ai, . . . , of}] = {[b, at] , . . . , a F } H h {oi, ...,[b, a F }} 

F+l 

/I [ai, {ai, ■ ■ ■ ,ai-i,a i+ i, . . . ,a F+ i}] = 0. (J 4 ) 
i=l 

Note that the three first identities are automatic but the fourth, which we will refer to as J4, is an extra 
constraint. 

Remark 2.2 An F—Lie algebra is more than a Lie algebra qq, a representation Qi of qq and a Qq— valued 
QQ—equivariant symmetric form on Q%. Indeed, although the three first Jacobi identities are manifest in this 
situation, the fourth is not necessarily true. As an example, consider q$ = s((2, C) and Qi = §2fe+i, k € N 
(the irreducible representation of dimension 2k + 2). From the decomposition S 2 (S2&+1) = §4fc+2 © 
§4fc-2 © • • • © §2 one has an s((2, C)—equivariant mapping from S 2 (§2fc+i) — ^ §2 — ► sl(2,C). But 
q = s((2,C) © §2fc+i is not a Lie superalgebra (the fourth Jacobi identity is not satisfied) except when 
k = where it reduces to osp(l|2). 

Remark 2.3 A 1—Lie algebra is a Lie algebra, and a 2— Lie algebra is a Lie superalgebra. We will also 
refer to these objects as F—Lie algebras of order one and two respectively. 

Remark 2.4 Notice that {oi,-- - ,a F } is only defined if the a, are in the same Ak and that \/k = 
1, • • • , F — 1, the spaces Sk = 23 © Ak are F—Lie algebras. 



From now on, we consider only F—Lie algebras S = H © A such that A is an eigenspace of e. 



Remark 2.5 If\) C 23 is a Carton subalgebra and F\ x , • • • , F\ F G 2f are respectively of weight \\ , ■ ■ ■ ,X F , 
then {F\ 1 , ■ ■ ■ , F\ F } € 23 is of weight Ai + ■ ■ ■ + X F . In particular, if \\ + • • • + X F ^ is not a root ofB 
this bracket is zero. 



This structure can be seen as a possible generalisation of Lie algebras (F = 1) or Lie superalgebras 
(F = 2) and can be compared, in some sense, to the ternary algebras (F = 3) considered in [31], and to 
the n— ary algebras (F = n) introduced in [32] but in a different context. We have shown [24, 28] that all 



examples of FSUSY considered in the literature can be described within the framework of F—Lie algebras. 



3 



2.2 An inductive construction of F— Lie algebras 

Let g be a complex Lie algebra and let r, r' be representations of g such that there is a g—equi variant map 
fj, F :S F (t)^ t'. We set: 

S = S A 1 = (g © r') r. 

Then, $ = g © r 7 is a Lie algebra as the semi-direct product of g and t' (the latter with the trivial bracket). 
We can extend the action of g on r to an action of "B on r by letting r' act trivially on r. This defines the 
bracket [ , ] on S. For the map {• • • } we take fip. The first three Jacobi identities are clearly satisfied, 
and the fourth is also satisfied as each term in the expression on the L.H.S. of J4 vanishes. Hence S is an 
F— Lie algebra. There are two essentially opposite ways of giving explicit examples of F— Lie algebras of 
this type. One can either start from g and r' and extract an "F— root" of r', or one can decompose S F (r) into 



irreducible summands and project onto one of them [|24]]. The first approach is the more difficult since, in 
general, it involves infinite-dimensional representation theory. For example if one starts with r' = £> Ml , the 
vector representation of S0(1, d — 1) of highest weight /ii, the representation r = D n of highest weight 
is not exponentialisable (see e.g. tf33[]) and does not define a representation of the Lie group SO(l, d — 1), 



except when d = 3 where such representations describe relativistic anyons [34]. The second approach on 
the other hand will always give finite-dimensional F— Lie algebras if one starts from finite-dimensional 
representations. 

The following theorem gives an inductive procedure for constructing finite-dimensional F— Lie algebras. 

Theorem 2.6 Let g be a Lie algebra and gi a representation of q such that 

(i) Si = Q © gx is an F—Lie algebra of order F\ > 1; 

(ii) Q]_ admits a Q —equivariant symmetric form [12 of order F2 > 1. 

Then S = g © gi admits an F—Lie algebra structure of order F\ + F% which we call the F—Lie algebra 
induced from S\ and fj,2- 

Proof: By hypothesis, there exist g — equivariant maps \i\ : § Fl (g x ) — > go and fj,% : §> F2 (g x ) — > C. 
Now, consider \i : § F i+ F 2 — > g ^ ^ ^ g Q defined by 



Kfu ■ • • ,/Fi+Fa) = (2-1) 

^T^l Yl Mi(/«t(1)»-'* ifvVrj) ® /*2(/<r(/p 1+ i)i'" ,f<T(f Fl+ F 2 ))> 
a-eSp l+ F 2 

where /1, • • ■ , /f 1 +f 2 £ 5i an d Sf 1 +f 2 i s the group of permutations on F\ + F2 elements. By construction, 
this is a g — equivariant map from § Fl+i?2 (g x ) — > g , thus the three first Jacobi identities are satisfied. The 
last Jacobi identity J4, is more difficult to check and is a consequence of J4 for the F—Lie algebra Si and a 
factorisation property. Indeed, setting F = F\ + F2, the identity J4 for the terms in 

F 

^ [fi, M (/l) ■■■ 1 fi-lifi+li ■■■ , If)] , 
i=0 

of the form fii(f aW ,- ■ ■ , f a (f Fl )) ® Itotfafc ' ' ' ' ^Uf 1+ f 2 ) witn CT G ^Fi+Jb+i, reduces to 
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[/o-(i)'^ 1 (^(1)'"' >fa(i-l)J*(i+l),--- Ja(f Fl )) ®/^2(/ CT (/ Fl+1 ),--- J*(f Fl+F2 ) =° 



i=0 



using jU2(/cr(/ F • • • i fa(f Fl+F2 ) £ C. But the L.H.S. vanishes by J4 for the F— Lie algebra Si. A similar 
argument works for the other terms and hence J4 is satisfied and S is an F— Lie algebra of order F\ + F2. 
QED 



Remark 2.7 Theorem |2.6| w equivalent to the fact that the product of two Q —equivariant symmetric forms 



satisfying J4 also satisfies J4 if one of them is scalar-valued. 

3 Finite-dimensional F— Lie algebras associated to Lie algebras 



In this section we first introduce the notion of a graded 1— Lie algebra in order to have a version of 2.6 when 
Fi = l. 

3.1 Graded 1— Lie algebras 

Definition 3.1 A graded 1—Lie algebra is a Z2— graded vector space S = H © 9" such that: 

1. "B is a Lie algebra; 

2. 9" is a representation of ¥>; 

3. there is a H—equivariant map p, : 9" — > ¥>; 

4. Wil h] + W2), fi] = 0, V/ la h G 9"- 

Example 3.2 Le? q be a Lie algebra. Set $ = q, 9" = ad q and S = ¥> © 9". If /j, : J —>■ H is the identity 
then (S, p) is a graded 1—Lie algebra. 

Remark 3.3 A graded 1—Lie algebra is not a priori a Lie algebra but it easy to see that, in fact, it has a 
natural graded Lie algebra structure. 

Remark 3.4 Kerfj, is a H— invariant subspace of $ and ImpL is a ¥>— invariant subspace of¥>. In particular, 
ifB is simple, "J irreducible and p non-trivial, then \i defines a H—equivariant isomorphism between "3 and 
% 

A graded 1—Lie algebra is a graded Lie algebra in the usual sense. In general, however, a graded Lie 
algebra is not a graded 1—Lie algebra since there is no preferred map from the odd to the even part. 

Proposition 3.5 Let q = q + © g_ be a graded Lie algebra, and let p, : q — > q be an odd Q + —equivariant 
map of q such that p is injective on [g + , Then (g, p) is a graded 1—Lie algebra. 
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Proof: One only has to check 0(4). One has V/i , / 2 G _, M / 2 ] + W/a),/i]) = IM/i), M/ 2 )] + 

[a*(/2)j A*(/i)] = 0- Since // is injective on [g + , g_] this implies j3TI|(4). QED 

Theorem 3.6 (2.6-bis) Let g be a Lie algebra and gi a representation o/g such that 

(i) Si = Q g x ij a« graded I— Lie algebra; 

(ii) g x admits a Q —equivariant symmetric [i<i form of order F 2 > 1. 

77je« 5" = g © 0i admits an F—Lie algebra structure of order 1 + F 2 which we call the F—Lie algebra 
induced from S\ and // 2 . 



Proof: Analogous to 2.6. QED 



3.2 Trivial and induced F—Lie algebras 

Consider the graded 1— Lie algebra S = go © gi where go is a Lie algebra, gi is the adjoint representation 
of go and p, : gi — > go is the identity. Let Ji, • • • , </dimg be a basis of go, and Ai, ■ ■ ■ , Aiimgo tne 
corresponding basis of gi. The graded 1— Lie algebra structure on S is then: 

[Ja,Jb] =fab C Jc [J a ,A b ]= f ab C A c , ^(A a ) = J a , (3.1) 

where f ab c are the structure constant of go, Two types of F—Lie algebras associated to S will be defined. 
The first type of F—Lie algebras associated to S, will be called trivial and are constructed as follows: 

Theorem 3.7 Let go be a Lie algebra and let F > 1 be an integer. Then S = go © (gi © C) can be given 
the structure of an F—Lie algebra (graded I— Lie algebra if F = 1) where gi is the adjoint representation 
o/go and C is the trivial representation. 

Proof:. The map p, : S f (qi © C) — > go is given by projection on gi in the decomposition S F (gi © C) = 
§ F (gi) © § F ~ 1 (fli) © • • • © § 2 (Si) © gi © C, followed by the identification of gi with g . 
With the notations of ( |3.1[ ) the brackets are: 

{A,---,A} = 
{A, • • • , A, A a , } = J a 

(3-2) 

{A, ••• ,X,A ai ,--- ,A ak ] = 0, l<k<F 



{^4aii - '' i A aF } — 0. 

with A a , G gi, A G C, J a G go- 

It is easy to check that the four Jacobi identities are satisfied. QED 

The second type of F—Lie algebras associated to S are those induced from S and Casimir operators of 



0o (see 3.6). It is well known that the invariant tensors on 0q are generated by primitive invariant tensors 
which are either fully symmetric or fully antisymmetric [Q]. By duality, symmetric invariant tensors are 
related to the Casimir operators of 0o, and it is well known that for a rank r Lie algebra one can find r 
independent primitive Casimir operators. 
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Theorem 3.8 Let go be a simple (complex) Lie algebra and gi be the adjoint representation of go- Then a 
Casimir operator o/qq of order m induces the structure of an F—Lie algebra of order m + 1 on S m+ i = 
0o © 01- 



Proof: By example [3^ go © 0i is a graded 1— Lie algebra and the result follows from|3.6|. QED 



Remark 3.9 One can give explicit formulae for the bracket of these F—Lie algebras as follows. Let J a ,a = 
1, • • • , dim(go) and let A a , a = 1, ■ • • , dim(go) be bases as at the beginning of this section. Let h ai —a m 
be a Casimir operator of order m (for m = 2, the Killing form g ab = Ti(A a A b ) is a primitive Casimir of 
order two). Then, the F— bracket of the F—Lie algebra is 

m+l 

{A ai , A a2 , ■ ■ ■ , A am+1 } = h ai ... ae _ iae+1 ... am+1 J ae (3.3) 
For the Killing form this gives 

{A a , A b , A c } = g ab J c + g ac J b + g bc J a . (3.4) 
If go = sl(2), the F—Lie algebra of order three induced from the Killing form is the F—Lie algebra of 

4 Finite-dimensional F—Lie algebras associated to Lie superalgebras 

In this section we will consider some F—Lie algebras which can be associated to Lie superalgebras using 



Theorem 2.6 



4.1 Lie superalgebras 



We first recall some basic results on simple complex Lie superalgebras (for more details see [|37|, |38p ). Simple 
Lie superalgebras can be divided into two types: classical and the Cartan-type. Classical Lie superalgebras 
can be further divided into two families: basic and strange. A basic Lie superalgebra g = go © 0i is said 
to be respectively of type I or type II depending on whether the go— module gi is respectively reducible or 
irreducible. Here is the complete list of simple classical Lie superalgebras 0]. In the statement of l(i) the 
symbol (m + l, n + 1)+ © (m + 1, iTTT) - denotes (C m+1 * <g> C n+1 <g> C) © (C m+1 (g> C n+1 * © C*), 
where C m+1 is the fundamental representation of sl(m + 1), C m+U its dual representation and C is the 
standard one dimensional representation of gl(l). In the rest of the theorem we use analogous notation. 

Theorem 4.1 Let g = go © gi be a classical simple complex Lie superalgebra. Then g is isomorphic to one 
of the following: 

1. (Basic of type I) 



(i) A(m,n): m > n > 0,g = sl(m + 1) © sl(n + 1) © 0t(l),0i = (m + l,n + l) 
(m + l,n + l) _ 



(ii) A(n, n) : n > l,0o = sl(n + 1) © sl(n + 1), gi = (n + 1, n + 1) © (n + 1, n + 1); 
(Hi) C(n + l):n> l,g = sp(2n) © g[(l), gi = 2n+ © 2n" 
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2. ( Basic of type II) 

(i) B(m,n) : m > 0,n > 1, 0O = so(2m + 1) ffisp(2n), i = (2m + 1, 2n); 

(ii) D(m,n) : m > 2, n > 1, m ^ n + 1, o = so(2m) ©sp(2n), i = (2m, 2n); 
(aij D(n + l,n) : 50 = so(2(n + 1)) ffisp(2n), i = (2(n + l),2n); 

(iv) D(2, 1; a) : a G C - {0, -1} , 0O = sl(2) © s((2) © sl(2), 01 = (2, 2, 2); 

(v) forF{A) : 0o = s((2)© S o(7), i = (2,8); 
(v/j/or G(3) : g = *I(2) © G 2 , 01 = (2, 7). 

3. (Strange) 

(i) Q(n) : n > l o = sl(n), i = ad(s((n)), with ad the adjoint representation; 

(ii) P(n) : n > 1 0O = s[(n), i = [2] © [l n ~ 2 ], where [2] denotes S 2 (C n ) two-fold symmetric 
representation and [l n ~ 2 ] denotes A n ~ 2 (C n ) ?/ze (n — 2)— fold antisymmetric representation. 

(The superscript in l(i) and l(iii) indicates the l(l) charge). 
4.2 Symmetric invariant forms 

By Theorem |2.6| one can construct an F— Lie algebra from a Lie superalgebra = o© i and a o— invariant 
symmetric form on i. In general determining all invariant symmetric forms on a given representation of 
a given Lie algebra is very difficult. However, for the Lie superalgebras given in the above list we will 
show how one can construct many invariant symmetric forms. The key observation is that for each basic 
Lie superalgebra in the list, the odd part i is either a tensor product (type II) or a sum of two dual tensor 
products (type I) as a representation of o- Thus, to find o— invariant symmetric forms on i one can use 
the following well known isomorphisms of representations of GL(A) x GL(B) [f39|]: 

p 

§ P (A(BB) = ^S fe (^)©S p - fc (5) (4.1) 

k=0 

S P (A®B) = $ r (A) © $ r (B) , (4.2) 
r 

where the second sum is taken over all Young diagrams F of length p and $ r (A) denotes the irreducible 
representation of GL(A) corresponding to the Young symmetriser of T. 

Type I 

We consider the Lie superalgebra A(m,n). The case of the other basic type I Lie superalgebras is similar. 
Then 0O = sl(m + 1) © s((n + 1) © l(l) and 01 = (C m+1 * © C n+1 © C) © (C m+1 * © C n+1 © C)*. 
Using the formulae ( |Q| ) and ([O]), one sees that S p ( i) is a direct sum of terms of the form: 

$ r (C m+U ) © $ r ' (C m+1 ) © $ r (C n+1 ) © $ r ' {C n+U ) © Cl r l-I r 'l , (4.3) 

where |T| is the length of T and |r| + [r'| = p. If this term contains the trivial representation then n must 
be even and |T| = |r'|. Furthermore the dimension of the vector space of q invariants is then 
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I T>r , = dimHom s[(m+1) ($ r (C m+1 ) ,$ r (C m+1 )j x dim Hom sl(n+1) ($ r (C" +1 ) ,$ r (C" +1 )j ,(4.4) 
where Hom s[ ( m+1 ) denotes homomorphisms which are sl(n + 1) equivariant. One can calculate the dimen- 



sions of these spaces using well known results [39]. If T = V then Ir,r' > 1; if T = T' and |T| = |r'| = 1 
then Ir,r' = 1 and the invariant quadratic form corresponds to the tautological metric on In [[28|] F— Lie 
algebras were constructed using this symmetric form. 

Type II 

All basic type II Lie superalgebras except (iv) have go = 0o ® So anc ^ 01 = ® D", where D' and D" are 
irreducible self-dual representations of respectively g' and O '. Therefore S p (gi) is the direct sum of terms 
of the form: 



$ r (£') ® $ r (D") (4.5) 

where |T[ = p. The dimension of the vector space of go invariants is 

J r = dim $ r (D') s '° x dim $ r (D") 9 o , (4.6) 

where $ r (2)') 00 denotes the space of q' invariant vectors in $ r (D')- Although the respective factors in 

the product ( |4.5[ ) are irreducible for GL{T>') and GL(V"), they may become reducible for g' , g '. For 

example the representations associated to the Young diagram 

00 =sp(2n). 



are reducible for both g' = so(m) and 



The strange superalgebra Q(n) 

Up to duality S*(gi) (the symmetric algebra on gi) is generated by the Casimir operators of sl(ri) (see 
section 3.). 

The strange superalgebra P{n) 

In this case S* (gi) is a direct sum of terms of the form 

§ k (S 2 (C n )) S p ~ k (A"" 2 (C n )) (4.7) 

This representation is in general reducible but we do not know of a simple general formula for the dimension 
of sl(n) invariants. 

4.3 Trivial and induced F— Lie algebras 

In this section F— Lie algebras associated to Lie superalgebras will be constructed explicitly. To fix our 
notations, consider g = go © gi a classical Lie superalgebra. Let J a , 1 < a < dim go be a basis of go and 
F a , 1 < a < dim gi be a basis of gi. The structure constants of g are given by 
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[Jai Jb] 
\Jai F Q ] 
{F a ,Fp} 



fab C Jc 



Pi 



(4.8) 



E, 



na J 
°aP tJ a 



The structure constants are given e. g. in [38] for particular choices of bases. 



The first type of F— Lie algebras associated to g will be called trivial and are constructed as follows: 

Theorem 4.2 Let g = go © (ji be a Lie superalgebra and let F > 1 be an integer. Then 5 = go © (gi © ( 
(with C the trivial representation of Qq) can be given the structure of an F—Lie algebra. 



Proof:. The proof is analogous to the proof of |3.7[ QED 

The second type of F—Lie algebras associated to g are those induced from g and symmetric forms on 
01. Let g = go © gi be one of the classical Lie superalgebras in the statement of 11 and let g be a go 
invariant symmetric form of order mongi. The bracket of the associated F—Lie algebra of order m + 2 in 
the above basis is given by (O) 



{Fan'" i^m+J ~~ j y ] 9ai ■■■aj-i aj+i ■ ■ -asi _ 1 ag+i ■ ■ •a m +2 Epnaj 

i<j 



(4.9) 



Example 4.3 We denote by S the F—Lie algebra of order 4 induced from the Lie superalgebra 

A(m - 1, n - 1) = (sl(m) © st(n) © gl(l)) © (C m © C n * © C) © (C m © C l * © C)* , 
and the tautological quadratic form on (C m © C n * © C) © (C m © C n * © C)*. Let {Ejj} 1 < / < m and 

1 < J < m 

{F/j} m + i</< m + „ &e the standard bases of Ql(m) and gl(n) respectively. Let {Fjj} i<i < m 

m+l<J<m + n m J r l< 1 J<.rn-\-n 

and {Fjj} m+1 < z < m + n be bases of (m, n) + , and (m, n)~ respectively. 

1 < J < m 

Then the four brackets of S have the following simple form: 



{ F^ j 1 , F/ 2 j 2 , F h j 3 , F/ 4 j 4 } 



= S h i 2 Sj lJ2 (S Is j 4 Ej 3l4 + 5j, i i i E hJi ) 

+ Shi 3 SjiJ 3 (S12J4FJ2I4. + Sj 2 i 4 Ei 2 j 4 ) 

+ <5/i/ 4 ( 5jlJ4 ^l2J3 E J 2 h + SJ2I3FI2J3) 

+ Si 2 i 3 5j 2 j 3 (SftjtEjiii + Sj^Ej^) 

+ S l2 i 4 dj 2 j 4 ^hJ^Fjxh + SjihFhJs) 

+ Shli^JsJA (ShfrEjxh + SjihFhJi) 



(4.10) 



The fact that the R.H.S is in sl(m) © sl(n) © g((l) itf a consequence of theorem 2.6 
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Example 4.4 We denote by S the F—Lie algebra of order 4 induced from the Lie superalgebra 



osp(2|2m) = (so(2) © sp(2m)) © C 2 <g> C 2m , 

and the quadratic form g = e (g> f2, where e is the invariant symplectic form on C 2 and SI the invariant 
symplectic form on C 2m . Let {S a p = Sp a } i < Q < 2 m be a basis of sp (2m) and {h} be a basis 0/50(2). 

1 < < 2m 

Let {F qa } q = ±1 kfl oasis 0/C 2 (g) C 2m . Then the four brackets of S take the following form 



1 < a < 2m 



l-^giai) Fq2d21 Pq3CX31 Fq40t4J = (4-H) 
^9192^0102 (^93+94 $013014 + ^93+94 ^0304^) + e gig3^"i03 (^92+94 5 , q 2 04 + e 92+94^a2Q4^') 
+ ^9i94^aia 4 (^92+93 Sa 2 a 3 + £92+93 ^a2<*3 M + £ 9293^"2"3 (^gi+g4'-''»i»4 + £gi +94^^104^) 
+ ^g2g4^a 2 a4 ( < ^gi+g3'-'aia3 + £gi+g3^cna3^) + ^g3g4^03"4 ( < ^gi+g2'-''aia2 + e gi+g2^aia2^) • 

Other extensions of Lie superalgebras have been considered in the literature. For instance extensions of 
the orthosymplectic superalgebra osp(l|4) or the unitary sl(4|l) were constructed by means of parafermions 
and parabosons pC|]. The first example of an F—Lie algebra was considered in [2^, 21] as a possible exten- 



sion of the Virasoro algebra. In [ |36| ] an example of a "trivial" F—Lie algebra, related to the superalgebra 
osp(l|2) was constructed. 



Remark 4.5 By repeated application of theorem 2.6 one construct F—Lie algebras of higher and higher 
order. 

5 Finite-dimensional FSUSY extensions of the Poincare algebra 

It is well known that supersymmetric extensions of the Poincare algebra can be obtained by Inonii-Wigner 
contraction of certain Lie superalgebras. In fact, one can also obtain FSUSY extensions of the Poincare 
algebra by Inonii-Wigner contraction of certain F—Lie algebras as we now show with two examples. 

For the first example, we let S3 = sp(4) © ad sp(4) be the real F— lie algebra of order three (see Remark 



3^9[ ) induced from the real graded 1— Lie algebra S\ = sp(4) © ad sp(4) (see Example and the Killing 
form on ad sp(4). Using vector indices of so(l, 3) coming from the inclusion so(l, 3) C so(2, 3) = sp(4), 
the bosonic part of S3 is generated by M^, M^, with p, v = 0, 1, 2, 3 and the graded part by J^, J^. 
Letting A — > after the Inonii-Wigner contraction, 



(5.1) 



one sees that L^ u and F M generate the (1 + 3)D Poincare algebra and that Q^y^Q^ are the fractional 
supercharges in respectively the adjoint and vector representations of so (1,3). This F—Lie algebra of 
order three is therefore a non-trivial extension of the Poincare algebra where translations are cubes of more 
fundamental generators. The subspace generated by L^ u , P^, is also an F—Lie algebra of order three 
extending the Poincare algebra in which the trilinear symmetric brackets have the simple form: 

{Qti, Qui Q P } = VpuPp + VppPu + VpuPp, (5.2) 
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where rj^ is the Minkowski metric. This algebra should be compared to the algebra recently obtained in 
a different context, where a "trilinear" extension of the Poincare algebra involving "supercharges" in the 
vector representation was constructed [pi]]. 

For the second example, we let £4 = (so (2) ©sp(4)) © 2 © 4 be the real F— Lie algebra of order 
four induced from osp(2|4) and the symmetric form e © 17 , where Q is the symplectic form on 4 and e the 
antisymmetric two-form on 2. Using spinor indices coming from s((2, C) = so(l, 3) C so(2, 3) the bosonic 
part is generated by E a p, E^, E^p and the fermionic part by F^, F & , a, (3 = 1, 2 and a,f3 = 1, 2. Letting 
A — > after the Inonii-Wigner contraction 

E a p -* L a p E & -> Sa« ~> ^-Paa ^ ^ 1^ 

p± _^ i n± p± _^ i n± ^ 

one sees that L a p, and P aa generate the (1 + 3)D Poincare algebra, that Z is central and that Q^, 
are the fractional-supercharges in the spinor representations of so(l, 3). This F— Lie algebra of order four 
is therefore a non-trivial extension of the Poincare algebra where translations are fourth powers of more 
fundamental generators. The four bracket can be expressed simply if we introduce the following notation: 



a aai &^ aa are the Dirac matrices, <r^, and P M are the Poincare generators (for details e.g. [42]). One 
then has: 



{ Qai i Qa? 2 ; Q«3 ; Q'oa } — 

2 F Hq2 F q3q± F - Z -\-2F qiq4 F q2q3 F F Z + 2F qiq3 F q2q4 F F Z 



Sn qi n q2 n q 3 n q4 X — s qi+q4 F q2q3 F n- M p 

X^axi ^a 2 i ^03' J ~ u c c «2«3"a 1 a 4 - 1 M 

_l_A93+g4 ; -giq2 F _M p 



{ Qa\ ) Qa2 1 Qa.3 > Qd4 } ~~ ^, 

together with similar relations involving { Q«\ , Qa 2 , Q|* 3 , Q* 4 . } and { , Q^ 2 2 , Qf 3 , Q^ 4 } . 



Analogous constructions lead to FSUSY extensions of the Poincare algebra in any space-time dimen- 
sions. 



6 Simple F— Lie algebras 

By analogy with the case of Lie (super)algebras we define ideals and the notion of simplicity for F— Lie 
algebras. 

Definition 6.1 Let S = H> @3 be an F—Lie algebra, or a graded 1—Lie algebra. Then 3 = S' © 3* is an 
ideal of S if and only if 

(i) V/( G 3"', V/ 2 , • • • , f F € F : {/{, /2, " • • , M € 23'; 

(7z) 15' is an i&a/ o/S f V6' G S', V6 G B, [6, 6'] G B'j; 
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( Hi) V6 G 23 , V/' G 9~' [6, /'] 

(iv) W G 23', V/ GJ[6',/] G 3*. 



Remark 6.2 For a graded 1—Lie algebra S = 23 © 9", denoting p, ffte map from 3 to 23, the property (i) of 



5.1 becomes Im/j, C 23'. 

Remark 6.3 By |6. 1\ Im/i © 9~ « an /Jea/ of S (\i denotes the H—equivariant map from § F (9") — ► 23). 



Remark 6.4 the case of Lie algebras and Lie superalgebras, this is the usual definition. In the case of a 
graded 1—Lie algebra S = 23 © 9", S' = IB' © 9"' is an ideal if and only if it is a ^—graded ideal for the 



natural Lie bracket on S (c.f 3.3). 



Definition 6.5 An F—Lie algebra S is said to be simple if and only if its only ideals are S and {0}, and 
[i : § F (9 r ) — ► 23 is non-zero. 

Remark 6.6 Let S = S © 9~ be a graded 1—Lie algebra such that p, : 3 — > 25 is non-zero. Then, S is simple 
if and only if¥> is a simple Lie algebra and 9~ is an irreducible representation of 23. 



Remark 6.7 If g is a simple Lie algebra, and S = g ad g is the graded 1—Lie algebra of Example 
then S is simple as a graded 1—Lie algebra but is not simple as a Lie algebra, with respect to the natural 
Lie bracket I 



Proposition 6.8 Let S = 23 © £F be an F—Lie algebra such that (i) 23 is semi-simple, (ii) the map fi : 
§> F (£F) — > 23 is a surjection and ( Hi) no non-zero ideal of 23 has non-zero fixed points in 9\ Then: 

(a) S is simple. 

(b) The F—Lie algebra of order (F + 2) induced from a H—equivariant non-degenerate quadratic form 



on J (see 2.6-3.6) also satisfies (i) and (ii). 



Proof : Let 3 = 23' © 9"' be a non-trivial ideal of S. Then 23' is an ideal of 23 and [23', 9] c 9"'. But if 
9" = 9"' © •y" as 23'-modules then [23', T\ = and therefore, 9"" = {0} since by hypothesis 23' does not 
admit non-zero fixed points. This proves (a). 

To prove (b). it is enough to prove that the induced (F + 2)— bracket is surjective. Since the F— bracket 
p : § F (9 r ) — > 23 is surjective, by diagonalising the quadratic form, it is easy to see that the (F + 2)— bracket 
(Oh is also surjective. QED 



Remark 6.9 If q is a simple Lie algebra, the graded 1—Lie algebras q © adg satisfies (i), (ii) and (Hi) 
above. As one can check, the Lie superalgebras in the list [O] also satisfy ( i), ( ii) and ( Hi). Thus the induced 
F—Lie algebras associated to non-degenerate quadratic forms and these graded 1—Lie algebras or Lie 
superalgebras are always simple. 



The trivial F—Lie algebras associated to graded 1—Lie algebras or Lie superalgebras p.7| - |4.2| are not 
simple since in both cases go © fli is an ideal of S. In particular, when F = 2, the trivial Lie superalgebras 
associated to graded 1—Lie algebras are not simple. The direct sum of two simple F—Lie algebras of the 
same order is clearly not simple. These two kinds of examples of non-simple F—Lie algebras indicate that 
probably, as for Lie superalgebras, there are different inequivalent ways to define semi-simple Lie F—Lie 
algebras. 
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7 Representations 



Definition 7.1 A representation of an F—Lie algebra S is a linear map p : S — > End(-fT), and a automor- 
phism e such that i F = 1 which satisfy 

a) p([x, y}) = p(x)p{y) - p{y)p{x) 

b) p{ai.- ■ ■ ,a F } = P ( a <r(i)) • • -P i a a(F)) (7.1) 
d) ip (s) e" 1 = p (e (s)) 

fS'i? &ez>zg group of permutations of F elements). 

As a consequence of these properties, since the eigenvalues of i are F th — roots of unity, we have the 
following decomposition 

F-l 

H = Q)H k , 

k=0 

where H k = {\h) G H : e\h)=q k \h)}. The operator N G End(ff) defined by iV|/i) = k \h) if 
G -fffc is the "number operator" (obviously = e). Since ip(b) = p(b)£,\/b G S each H k pro- 
vides a representation of the Lie algebra S. Furthermore, for a G Ai, ip(a) = q i p(a)i and so we have 

p(a).H k C H k+/l ( mod F ) 



Example 7.2 Lef X,Y, Z be n x n (resp. 2n x 2nj matrices in so(n) (resp. sp(2n)j. Then, it is easy to 
see that {X, Y, Z} is also in so(n) (resp. sp(2n)). Consequently, S = so (n) © so(n) (resp. S = sp(2n) © 
sp(2n)j, is an F—Lie algebra of order 3 (the only non-trivial point to be checked is the Jacobi identity (J4) 
in Definition 2.1). A similar property is true for any odd number of matrices. We will calculate the structure 
constants in the case of so(n), the calculation for sp(2n) being analogous. IfX a , 1 < a < dim so(n) is a 
basis ofso(n), then the 3— bracket of S is given by 



{X a ,X b ,X c } = k abc d X d . (7.2) 

Writing {X a , X b , X c , X d } = ( {X a , X b , X c } X d +{X a , X b , X d } X c +{X a , X c , X d } X b +{X b , X c , X d } X a ) 

and taking the trace using ( |7.2| ), we get Ak ab( ftr(X d X e ) = TV ({X a , X b , X c , X e }). Since the trace defines 
a metric on so(n) this gives k ab( f = jTr {X a , X b , X c , X d } g de . 

This F—Lie algebra of order three is not induced from the graded 1—Lie algebra so(n) © 5o(n) and 
the Killing form: if this where the case we would have {X a , X b , X c } = Tr (X a X b ) X c + Tr (X a X c ) X b + 
TV (X b X c ) X a which is clearly false if a = b = c. However, by proposition S is simple. 

We can construct a representation of S in C n © C 3 as follows: define p : S — > End (C ra © C 3 ) by 



, ,_J X © Id if X is in the first so(n) 

\ X©Q if X is in the second 5o(n), 

where Q : C 3 -> C 3 is any linear map whose minimal polynomial is A 3 — 1 (i.e., Q ?J = Id and Q has three 
distinct eigenvalues). 

Related results were obtained for so(n) and sp(2n) in 
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Example 7.3 Let X, Y, Z be three n x n matrices in u(n). Then, it is easy to see that {X, Y, Z} is also in 
u(n). As in the previous example, this simple observation enables us to give u(n) © u(n) or u(n) © su(n) 
the structure of an F—Lie algebra of order 3. 

Example 7.4 Let A(m — 1, n — 1), n ^ mbe the Lie superalgebra of (n + m) x (n + m) matrices 



M 



Emm Fmn 

F F 

1 nm i-'nn 



of supertrace zero (i.e., sTrM = tiE mm — tiE nn = 0). 
If Ji 1} - ■ ■ , Ji 2F are arbitrary matrices then 

F 

{Jil > ' " " 7 J%2F } = y ] | {°^a J Jib } I | 1 ^ib 1 1 ' ' ' ' "^2F l j" ' (7-4) 

a < 6 = 1 

a / b 

Applying this formula to 2F odd matrices in A(m — 1, n — 1) owe sees fry an induction that the supertrace 



of the 2F— bracket (7.4) vanishes. Using the Z 2 graduation of A(m — 1, n — 1) one sees ?/ia? ?/n's bracket 
belongs to the even part of the algebra and hence defines the structure of an F—Lie algebra of order 2F 
on the underlying vector space of A(m — l,n — 1). For F = 4 this is just the the F—Lie algebra of 
order 4 induced by the tautological quadratic form of Example 4.3 Indeed, let V = C* n (g) C m ® C and 
let go = sl(n) © s((m) © flt(l). TTjeTi, comparing gl(l) charges, we have Hom go ^S 4 (V © V*^j,Qo^j = 
Hom go (S 2 (V) ® S 2 (V*),0o)- 5mce, 

s 2 (V) <g)S 2 (V) (s 2 (e n )®s 2 (c m )©A 2 (e n )®A 2 (c m )) <g)(s 2 (c n )(g)S 2 (e m )©A 2 (c n )®A 2 (e m )) 

and since the representations 1 s[(n) occur exactly once in S 2 (C n )(g>S 2 (C* n ) and not at all in A 2 (C n )® 
A 2 (C* n ), we deduce that Hom go I S 4 ( V © V* ) , 5o ) ^ of dimension one. 



By definition, the fundamental (n + m) x (n + m) matrix representation of the Lie superalgebra A(m — 
1, n — 1) zs a/so a representation of the F—Lie algebra of order 2F constructed above. In general, this is 
not true: for instance if m = 2, n = 1, one can check that the 6— dimensional representation of A(2, 1) is 
not a representation of the associated F—Lie algebra of order 4. 

Example 7.5 Let S be the set of all matrices of the form 



Q 












-1 


?■ 


(7.5) 


QFl 


-iVLFl 







M = 

where q is a complex number, F± are two 1 x 2n matrices, Q is the standard 2n x 2n symplectic form on C 2n 
and S is a 2n x 2n matrix in sp(2n), i.e, S l = VLSVL. Let ¥> 










((: 


-q 


i) 
















F + 












-ittFl 






so(2) © sp(2n) and let 3" = < F_ , F± G Mi i2 „ (C) >. If one now takes 
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:r„_ = | o o 

(OLab 
-ia ab | , where A ab = —QF*_F b+ - 


QF b t _F a+ - iSlFl+Fa- and where a ab = -F a+ QFj;_ - F b+ QF^_. This shows that 23 © 7 is not 
closed under the superbracket. From the formula {3 ' ai ,3 a2 , S ' a3 , 7 a 4 } = {{7 ai , 7 a2 } j {^a 3 ,7 a4 }} + 
{{7 ai ,7 a3 }, {^a 2 , ^a 4 }} + {{^ai,^} > {^2^a 3 }}, observing that {7 a+ , = {3" a _, J 6 _} = 
/owr bracket {7 aiqi , 7 a2q2 , ^03931 3"a 4 g 4 } = if gi + §2 + 93 + <Z4 7^ 0- We then calculate A-brackets for 
Qi = Q2 = — Q3 = — 14 = 1 and obtain 





{7 a+ ,7 b+ ,7 c ^,7 d -} = I -g 

5, 

g = 2(F a+ nF t c _)(F b+ nFl)+2(F a+ nF t d _)(F b+ nFl) (7.6) 
5 = Fa+^i 7 ! (nFlF b+ + Oi^+^c-) + ^a+^ c - (^-^6+ + MFt+FdS 



Jfe's shows that 23 © 9" is an F—Lie algebra of order 4 since S t = £IS£1. 

In fact, the matrices ofB © 7 define a representation of the F—Lie algebra of order 4 induced from 



osp(2|2m) and e®Q (see fhty . Indeed setting 




F a+ \ _ / 
7 a + = \0 , 5T _ = 

we see that 23 © F = osp(2|2m) and f/iaf {3" a+ , 3" fe+ , 9" c _, 3"^} =< 3\ + ,3V > + < 

7 b +,7d- > {9"a+,9"c-} + < 9"a+,9"(i- > {7 b +, ^c- } + < 3~&+)3~c- > {^a+j^d-} 

where < 7 a +, 3~c- > denotes the e © invariant form. 

Given an F—Lie algebra 5 = 23 © 7 one can define the universal enveloping algebra VL(S) by taking 
the quotient of the tensor algebra 7(S) by the two-sided ideal generated by (see definition |Q| ) 



a a(i) © • • • © a<T(F) - {ai, • • • , of} , 

&i©6 2 -& 2 ®&i-[&i,&2]> (7 ' 7) 
&i © a 2 - a 2 © 61 - [61,02] , 

with ai, • • • , aj? 6 Ai, 61, 62 € 23. It is not necessary to impose the Jacobi identity (J4) since it is true in 
7(S). 

The natural filtration of 7(S) factors to a filtration of 11(5) and, denoting the associated graded algebra 
by gr(U(5)), we conjecture the following: 
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(1) gr(U(S)) is isomoiphic to 7(S)/I, where / is the two-sided ideal generated by 



' 6l ® &2 - &2 ® &1, 

s 61 (g> a 2 - a 2 <8) 61. 

(This would then imply that gr(lC(£)) = S^B) ® A F (T), where is the symmetric algebra on B 
and A j p(J) is the F-exterior algebra on 3" [fP|]). 

(2) The natural map it : U(S) — > gv(1L(S)) is a linear isomorphism. (This would be an analogue of the 
Poincare-Birkhoff-Witt theorem). 

In the usual way, the representations of S are in bijective correspondence with the representations of 
the associative algebra U(S). Consequently, if 3 C U(S) is a two-sided ideal, then the quotient U(S)/3 
gives a representation of S. It would be very convenient to have a theory of "Cartan sub-algebras", "roots" 
and "weights" for S. However, even for simple Lie superalgebras this kind of theory only works well for 
basic Lie superalgebras [p8|]. One might expect F— Lie algebras induced from basic Lie superalgebras to 
be amenable to this approach. This seems not to be the case. Indeed, recall that if S is a basic Lie super- 
algebra with Borel decomposition S = h © n + n_ and A <G h* is a dominant weight, then V\ = IX/ 
(where 3\ is the ideal corresponding to A) is (i) generated by the action of n + on the vacuum and (ii) has a 
unique quotient T>\ on which the action of n + is nilpotent and which is therefore finite-dimensional. How- 
ever, if S g is the F— Lie algebra induced from S and a symmetric form g, the quotient V' x = 1i{S g )/3' x is 
(i) not generated by the action of n + on the vacuum and (ii) the nilpotence of the action of n + in a quo- 
tient does not guarantee finite-dimensionality. This means that in finite-dimensional representations of S, 
as in the examples of section 7, the elements of n + are not only nilpotent but also satisfy additional relations. 



8 Conclusion 

The mathematical structure underlying supersymmetry is that of a Lie superalgebra. Given the classification 
of Lie superalgebras, one can list the possible supersymmetric extensions of the Poincare algebra. These 
extensions have had a wide range of applications in physics. 

Fractional supersymmetries were first studied in the early 1990's in relation with low dimensional 



physics (D < 3) where fields which are neither bosonic nor fermionic [34] do exist. It was understood 



a few years later that FSUSY can be considered in arbitrary dimensions and the definition of an F— Lie al- 



gebra, the underlying mathematical structure, was given []24|]. However when F > 2, most of the examples 
of F— Lie algebras which have been found since then are of infinite-dimensions. In this paper, we show how 
one can construct many finite-dimensional F— Lie algebras starting from Lie algebras or Lie superalgebras 
equipped with appropriate symmetric forms. We define a notion of simplicity in this context and show that 
some of our examples are simple. Furthermore, we construct the first finite-dimensional FSUSY extensions 
of the Poincare algebra by Inonii-Wigner contraction of certain F— Lie algebras. 
These results can be seen as a first step in classifying F— Lie algebras. 
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